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3.4 The strain conditions of compatibility 

Calculating the strain tensor E given the displacement field u is a relatively 

simple matter; one just substitutes the displacement field u into the formula 

(3.49) for the strain displacement relations, E = (1/2)((∇⊗u)T + ∇⊗u). 

Situations occur in which it is desired to calculate the displacement field u given 

the strain tensor E. This inverse problem is more difficult because the strain 

displacement relations, E = (1/2)((∇⊗u)T + ∇⊗u), become a system of first 

order partial differential equations for the displacement field u. Given the 

significance of the displacement field u in an object we generally want to insure 

that the displacement field u is continuous and single valued. There are real 

situations in which the displacement field u might be discontinuous and multiple 

valued, but these situations will be treated as special cases. In general it is 

desired that the integral of the strain-displacement relations, the displacement 

field u, is continuous and single valued. The conditions of compatibility insure 

this. The conditions of compatibility are equations that the strain tensor must 

satisfy so that when the strain-displacement relations are integrated, the resulting 

displacement field u, is continuous and single valued. The conditions of 

compatibility may be written in the direct notation as 
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or in the index notation as 
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or in scalar form as the following six equations: 
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Equations (3.53) and (3.54) are symmetric second rank tensors in three 

dimensions and therefore have the six components given by (3.55). It follows 

that each of the six scalar equations (3.55) must be satisfied in order to insure 

compatibility. The conditions (3.53) are a direct consequence of the definition of 

strain, that is to say that E = (1/2)((∇⊗u)T + ∇⊗u) = (1/2)(u⊗∇ + ∇⊗u) implies 

that 

� 

! " E "! = 0. To see that this is true, consider the result of operating on 

E = (1/2)(u⊗∇ + ∇⊗u) from the left by 

� 

! " and from the right by 

� 

!" ; one 

obtains the expression 
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2(! " E " ! ) = ! " u# ! " ! + ! " ! # u " ! . (3.56) 

The operator 

� 

! " ! , which occurs in both terms on the right hand side of (3.56) 

is called the “curl grad”; the curl of the gradient applied to a function f is zero, 

� 

! " !f = 0 . In the indicial notation this is easy to see, 

� 

! " !f = eijk
#f

#x j#xk
ek = 0 , because of the symmetry of the indices on the 

partial derivatives and skew-symmetry in the components of the alternator (see 

section A.9). Both terms on the right hand side of (3.56) contain the operator 

curl grad,

� 

! " ! , applied to a function, hence 

� 

! " E "! = 0.  

In order to both prove and motivate this result consider the two 

integration paths from the point Po to the point P’ in an object (Figure 3.11). If 

the result of the integration from the point Po to the point P’ is to be the same 

along all paths chosen between these two points, then the value of the integral 

around any closed path in the object must be zero. This means that the integrand 

of the integral must be an exact differential. Recall the theorem at the start of 

most texts on ordinary differential equations concerning exact differentials: If 

M(x, y) and N(x, y) are continuous functions and have continuous partial 

derivatives in a region of the x-y plane, then the expression M(x, y)dx + N(x, 

y)dy is an exact differential if and only if 
!M

!y
=
!N

!x
 throughout the region. 

This theorem will be applied to prove that the compatibility relations 

� 

! " E " ! = 0 are both necessary and sufficient conditions for the continuous 
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and single-valued nature of the displacement field obtained by integration from 

the strain-displacement relations. If the displacement vector is known at the 

point Po then integration of du from the point Po to the point P’ (Figure 3.11) 

will determine u(x’), thus, 
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Recall from (3.43) and (3.51) that   

 (! " u)T = E + Y ; (3.58) 

it follows that 
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The last integral in the previous result may be rewritten as 
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and integrated by parts, thus 
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Placing the result (3.61) into (3.59) it follows that 
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or , in the indicial notation,  
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The relationship between the derivatives of the rotation and strain tensors,  

 
!Y

ik

!x
m

=
!E

im

!x
k

"
!E

mk

!x
i

, (3.64) 



  Stephen C. Cowin 

Last saved 8/27/06 2:22 PM   

4 

may easily be verified by substituting the formulas (3.49) relating E and Y to the 

displacement gradients. When the relationship (3.64) is substituted into (3.63) it 

becomes  
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The condition that the integrand in the integral in (3.65) be an exact differential 

is then expressed as the condition  
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When (3.66) is substituted into (3.67), the result 
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is satisfied only when the compatibility conditions (3.54), or equivalently (3.53) 

or (3.55) or ! " E " ! = 0 , hold. Thus ! " E " ! = 0  is a necessary and 

sufficient condition that the integration of the strain-displacement relations will 

yield a single-valued and continuous displacement field. 

 

Problems 

3.4.1 For the motions of the form (3.10) given in Problem 3.1.1, namely 

3.1.1(a) through 3.1.1 (g), determine if the infinitesimal strain tensors, E 

calculated in 3.3.1 satisfy the conditions of compatibility.  

3.4.2 Is the following strain state possible for an object in which the 

displacement field must be continuous and single valued? Justify your answer 

analytically. 
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3.4.3 Demonstrate the validity of the formula (3.64) by substituting the 

formulas relating E and Y to the displacement gradients (3.49) into (3.64) and 

show that an identity is obtained. This is more easily done in the indicial 

notation.  

3.4.4 Verify that substitution of the formula (3.66) into (3.67) leads to the 

result (3.68). This is much more easily done in the indicial notation. 

 

 

Po

P'

 
Figure 3.11. Illustration of two integration paths from the point Po to the point P’ 
in an object. If the result of the integration from the point Po to the point P’ is to 
be the same along all paths chosen between these two points, then the value of 
the integral around any closed path in the object must be zero. This means that 
the integrand of the integral must be an exact differential. 


